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ABSTRACT 


The  basic  theory  of  first-order  partial  differential  equations  in  one  dependent 
variable  is  developed  from  a  differential  geometric  point  of  view  in  this  report.  This 
point  of  view  is  such  that  it  holds  promise  for  use  in  the  stochastic  case  and  in  control 
theory. 
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Introduction 

oo 

Let  M  be  a  real  C  -manifold  of  dimension  n  and  let  F(M)  be  a  manifold 

or  bundle  with  projection  tt.  onto  M.  We  suppose  that  {a)^}  is  a  set  of  differential 

forms  on  F(M)  and  that  V  is  a  variety  contained  in  F(M).  The  problem  which  we 

will  examine  (in  a  restricted  manner),  is:  do  there  exist  sections  cp  of  F(M)  over 

M  such  that  i)  cp*  (a)^)  =  0  for  all  i  and  il)  (;p  is  a  map  into  V?  We  shall  attack  this 

question  in  the  case  where  F(M)  is  the  first-order  bundle  over  M  and  {a;.} 

i  Q 

consists  of  a  single  form,  dz-q^dy  .  This  is,  of  course,  the  situation  which 
represents  the  theory  of  first-order  partial  differential  equations. 

This  paper  consists  of  the  following  sections: 

A.  )  Exact  Sections  and  Solutions. 

B.  )  The  Basic  Existence  Theorem. 

C.  )  Change  of  Variable. 

D.  )  Poisson  Brackets. 

E.  )  Linear  Systems. 

F. )  General  Systems. 

A.  Exact  Sections  and  Solutions 

OO 

Let  M  be  a  real  C  -manifold  of  dimension  n  and  let  F(M)  be  the  first-order 

bundle  over  M  with  tt  as  the  projection  on  M.  Then:  F(M)  is  of  dimension  2n+l; 

the  fiber  of  F(M)  at  p,  F(M)  ,  peM  is  (isomorphic  with)  R©  D  where  D  is  the 

P  P  P 

fiber  of  the  dual  bundle  D  of  M  at  p  and  R  is  the  reals.  If  p  € M  and  U  is  a 
o 

The  summation  convention  will  be  used  throughout. 
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J.  n 

coordinate  neighborhood  of  M  at  p  with  x  , ,x  as  coordinate  functions,  then, 

on  TT  ^(U),  the  coordinate  functions  are  z,  q^, , . . ,  q^,  y^, . , ,  where  z  is  the 

i  i  i 

R-coordinate,  y  =xo7r,  and  w  cD  implies  that  w  =q.(q)dx  . 

q  q  Q  t  q 

Definition  1 :  Let  cu  =dz  -q^dy^  and  let  <p  be  an  element  of  T  (U,  F(M))  (i.  e.  <^)  is  a 
section  of  F(M)  ).  Then  <p  is  exact  if  (;«>  *  (oj)  =  0. 

Definition  2:  Let  f  be  a  smooth  function  on  M  such  that  the  domain  of  f  contains 


U.  Then  the  section  defined  by  f,  (p^,  is  the  element  of  T  (U,  F(M))  given  by: 


<P^(P)  =  (f(P).  (Djf)  (p). . . . ,  (D^f)  (p),  x\p)>  ■  •  • .  x'^(P)) 

where  p  is  an  element  of  U  and  the  D^  are  partial  differentiations. 

Proposition  1:  A  section  <p  is  exact  if  and  only  if  there  is  a  smooth  function  f 
such  that  (p  =  <p^. 

Proof:  We  first  observe  that  if  is  in  r  (U,  F(M))  and  p  is  an  element  of  U,  then 

^P  =  d  (zo*)p  -  q.  («r(p))  d(yo*)p  and,  therefore,  ° 

only  if  q.(’J'(p))  =  D.(z  o^r)  (p).  It  follows  immediately  that  (p^  is  exact  if  f  is 

smooth  (since  q.  o^^  =  D.f  =  D.(zoa»,)). 

1  ^f  1  r  f 

On  the  other  hand,  if  q>  is  exact,  then  zo^=f  is  a  smooth  function  and 

(p  =(p^  since  q.  o^  =D.(z  oaj)  =  D.f. 
f  1  1  1 

Proposition  2:  w  =dz  -  q.dy^  is  an  intrinsic  form. 

Proof:  It  will  suffice  to  show  that  q^dy^  is  an  intrinsic  form  since  dz  is  intrinsic. 
Let  q  be  a  fixed  point  of  F(M)  with  p=  ir(q)  its  projection  on  M.  Then  (at  q  and  p) 


we  have: 
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If  (Z)  (x^)  =  Z  (x^  oir)  =  Zy^  =  0 
^(Q')  (x^')  =  Q'(xjoir)  =  (iy^  =0 
F  (Y.)  (x^)  =  Y.(xj  o7r)  =  Y.y^  =  6 


These  completely  describe  the  behavior  of  tt  since  Z,  Q  ,  Y^  form  a  basis  of 

Q 

F(M)  ^  and  if  f  is  a  smooth  function  on  M,  the  f  =  F  o  (x)  and  foir  =  Fo(x)ojr  =  Fo  (y). 

Now  suppose  that  q  =  (z^,  w^)  with  w^e  ,  We  define  the  map  of  F(M)^ 
into  R  as  follows:  ~  "^q  "  '*'q  •  Th®’^ 

flr  maps  F(M)  into  the  dual  bundle  to  F(M)  and  is,  in  fact,  a  covector  field.  We 


claim  it  is  q^dy  which  will  establish  the  proposition  since  ♦  is  intrinsic. 
However,  we  have  (at  q  and  p): 


(q.dy^)  (Z)  =  q.Zy^  =  0 
(qidy')(Q^)  =  qyy'  =  0 
(q.dy^)  (Y  )  =  q  Y  y^  =  q 

J  J  J 


♦  (Z)  =  w  (7r(Z))  =  w(0)  =  0 

♦  (<?*)  =  w  (¥  (o’))  =  w(0)  =  0 

♦  (Yj)  =  w  (7r(Y^))  =  q.  (dx^)  (X^)  =  q^ 

and  our  claim  is  valid. 

Definition  3:  Let  V  be  a  subvariety  of  F(M)  which  is  regular  (i,  e.  W  has  rank 
equal  to  the  dimension  of  V  on  V).  Then  a  solution  of  the  equations  which  define 
? 


The  tangent  space  to  F(M)  at  q. 
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V  is  an  exact  section  (p  whose  range  lies  in  V. 

Proposition  3:  If  p  c  M,  if  is  a  section  of  F(M)  whose  domain  contains  p,  and 
if  K  .  V  is  the  subspace  of  F(M)  .  .  annihilated  by  cj  .  .  then  a  necessary  and 

(piP)  V(P)  <^(P)>  ' 

sufficient  condition  that  cp  be  exact  at  p  is:  ^  (M  )C  ^ 

P  P  <PiP) 

Proof:  If  TeMp,  then  (^p  (T))  =  [d  (zo^p)  -  (q.  o^p)  d(y^O(p)  ]  ^  (T)  =  (p*^ 

/  \)  (T).  It  follows  that  cp*  (ui  .  J  =  0  if  and  only  if  w  .  .  (p  (T))  =  0  for  all 
'?>(P)  P  <P(P)  ^  <P(P)^^P 

T  in  M  ,  i.  e. ,  if  and  only  if  Ip  (M  )  C  >  v 
P  ^  ’^p  '  p'  «p(p) 

B.  The  Basic  Existence  Theorem 

We  shall  prove,  in  this  section,  the  basic  local  existence  theorem  for  a 
single  equation  in  one  dependent  variable. 

OO 

Definition  4:  Let  r  be  a  C  curve  on  F,(N4)  with  t  as  parameter  and  let  $  be  a 
smooth  function  on  F(M).  Then  F  is  an  integral  curve  of  #  if  ^oF  =  0  and  F  is  a 
characteristic  curve  of  #  if: 

FD^^  =  (Q^$)  Y.  -{Y.$  +  q.Z$}QVq.  qU  Z 

or,  equivalently,  if: 

(rD^)(y^)= 

(rDp(q.)=  -  Y.$-q.Z$ 

(f  D^)  (z)  =  q.Q'  $ 

We  observe  that  if  F  is  a  characteristic  curve  of  $,  then  FD^  is  a  smooth  vector 

field  on  F(M)  which  is  not  intrinsic. 

_ 

D  is  the  canonical  vector  field  on  F  obtained  from  differentiation  with  respect 
to\. 
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Proposition  4:  If  r  is  a  characteristic  curve  of  then  (a)  w  (PD^)  =  0  and 

(b)  if  q<,  =  r  (tg)  and  $  (q^)  =  0,  then  F  is  also  an  integral  curve  of  #. 

Proof:  (a)  We  see,  from  the  definitions,  that; 

w  (FD  )  =  (dz  -  q.dy^)  (Q-*  #  Y.  -{Y.#  +  q.Z$}  Q^  +  q.Q^^Z) 
t  1  J  J  ^  ^ 


=  o’  ^Y.z-Y  $  Q^z-q.  Z$Q^z  +  q .Q^$Zz  - 
J  j  J  J 

q^  Y^  $  qV^  +  q.qj  z $  qV^  -  q.  q^  #  zy^ 


=  q.Q^$-  q. 

-Ij  X  X  J 


=  0 


(b)  We  observe  that  (  #»  F)  =  ( FD^)  i^)=  $  Y^  $  -  Y^  4>  $  -  q^  Z  $  $  + 

q.  $  =  0.  It  follows  that  $  is  constant  along  F  and  our  assertion  has  been 
demonstrated. 

Let  U  be  a  coordinate  region  in  M  with  x^, . . , ,  as  coordinate  functions 

and  let  N  be  an  n-1  dimensional  submanifold  of  M  such  that  N  fl  U  is  given  by  the 

equation  x^  =  H(x^, . . . ,  x"^  S*  Let  g  be  a  smooth  function  on  M  whose  domain 

contains  U  and  suppose  that  g=h(x^, . . . ,  x^  on  N  fi  U.  If  $  is  a  smooth 

function  on  F(M)  whose  domain  contains  tt  ^  (U),  then  we  wish  to  find  conditions 

which  insure  the  existence  of  a  section  <p  of  F(M)  over  some  U’C  U  such  that 

$0^=0  and  <p  =  (p  on  N  n  U  (i.  e. ,  we  wish  to  solve  the  local  initial  value  problem 
S 

for  the  equation  #  =  0). 

Definition  5:  A  special  neighborhood  oflOlxNflUin  RxN  H  U  is  an  open 
neighborhood  Wof  {0}xNnu  for  which  Rx{p}nWis  connected  for  all  p  in 
NflU. 

We  observe  that  if  S  |  #|  5^0  on  tt  ^(U),  then  there  is  a  special  neighborhood 
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W  of  {0}  xN  n  U  and  there  is  a  smooth  map  y  of  W  into  F(M)  such  that  :  (a)  y  (0,  p) 

=  cp  (p)  for  p  in  N  n  U;  and  (b)  if  r  (t)  =  y  (t,  p)  for  p  in  Nfl  U,  then  T  is  a  charac- 
S  P  P 

? 

teristic  curve  of  $. 

Theorem  1:  If  s|  Q^$|  =^0  on  tt  ^(U),  if  $«»  (p  =0  on  NflU,  if  W  is  a  special 

S 

neigjiborhood  of  {0}  x  Nfl  U  and  y  is  a  smooth  map  of  W  into  F(M)  such  that  “j^O,  p) 

=  cp  (p),  for  p  in  N  D  U,  and  r  (t)=><t,  p)  (p  eN  fl  U)  is  a  characteristic  curve  of 
S  P 

if  V  is  the  map  of  W  into  U  given  by  p'  (t,  p)  =  tt  ( y  (t,  p)),  if  W’C  W  is  a  neig^ibor- 

00 

hood  of  {0}  xN  fl  U  on  which  v  is  one-one ,  and  if  U’  =  f  (W ),  then  there  is  a 

smooth  function  f  on  M  such  that  $  o  =  0  on  U'  and  (p^=(p  on  N  fl  U. 

f  ^f 

Proof:  Let  ■i/  be  the  map  of  U'  into  F(M)  given  by:  rir(p)  =  (yov  (p).  Then  we 

assert  that  has  the  following  properties: 

(a)  is  in  r  (U',  F(M))  i.  e. ,  ♦  is  a  section 

(b)  $  o  =  0 

(c)  ■<Sf  =  <p  on  NflU 

g 

(d)  if  is  exact. 

Assuming  that  this  assertion  has  been  established,  we  see  that  f  =  z  «>  satisfies 
the  conclusions  of  the  theorem.  We  now  establish  the  validity  of  our  assertion. 

(a)  If  q  c  U'  with  q  =  vr  (  y  (t,  p)),  then  ♦(q)  =  (y  o  v  (q)  =  y(t,  p).  It 

follows  that  TT  (♦(q))  =  ir  (><t,  p))  =  q  and  hence,  that  is  a.  section  (since  'Jr  is 
clearly  smooth). 

See  Coddington  and  Levinson  [  1]  p.  25 

99 

W’  exists  since  v  is  smooth,  v  restricted  to  {0}  x  WOU  is  one-one  and 
S  1  Qi$I  on  (U). 
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(b)  If  q  eU'  with  q  =  7r(-y(t,  p)),  then  'l'(q)  =  Y(t,  p)  =  T  (t)  and  therefore, 

P 

($  o  ■q,)  (q)  =  $  (yt))  =  ($  o  Tp  )  (t).  But,  ($  o  r^)  (0)  =  $  (-KO,  p))  =  $  (  .^^(p))  =  0 
and  Tp  is  a  characteristic  curve  of  it  follows  (Proposition  4)  that  ($  o  Pp)  (t)  =  0 
and  consequently,  that  #  «» =  0. 

(c)  If  p  £  N  n  U,  then  p=7r  (>(0,  p))  =  1^(0,  p)  and  so  we  have  lir(p)  =  ><0,  p) 

=  ?g(p). 

(d)  Let  qeU'  with  q  =7r  (“iKt, p)).  We  observe,  first  of  all,  that 

=  Y/,.  \  [  \  M  )  ]  =7.  \(W’,  .).  In  view  of  Proposition  3,  it  will  suffice 

4  (t,  p/  P7 

to  show  that  ^r.(M  ■)  v’  We  note  now  that  X,  y 

q  q  (Lp)  (t,p)'  ♦(q)  ')<t,p)  Ip' 

X  ,  ,  are  a  basis  of  WI  .  and  therefore,  we  need  only  demonstrate  that: 
n-lp  t  (t,  p) 

P)  1-)  -  “J|  •  V)  p,  (yj.  r)  =  p)  (X.)  =  O,  1=1 . n- 1 

and  that: 

D  (z  »  v)  -  (q  o  y)  D  (y^o  y)  =  w  (f  D  )  =  0. 
t  J  t  Y(t,  p)  p  t 

Let  p  be  fixed  and  define  the  functions  ^^(t)  as  follows: 

*!<'>  “  ^i(t,  p)  ’’>■ 

then  we  observe  that  ^.(0)  =  X.^^  p^  (z o  y)  -  (q .  »  y)  (Q,  p)  p^  (y^o  y)  =  X.p  g  - 

X.  g  6.^  =0. 

JP  1 

Now,  we  also  see  that: 

4.(t)  =D^X.  (z.y)-D^[(q.o  y)X.(y^oY)] 

=  X.D^  (z  o  y)  -  (q.o  y)  X.(y^o  y)  -  (q.o  y)  X.D^  (y^o  y) 

=  X.  [  (q^oy)  (y^o  y)  ]  -  D^(q.o  y)  X.(>r’o  y)  -  (q.o  y)  X.D^()r’o  y)^ 
p 

Since  ‘)(t,  p)  =  rp(t)  is  a  characteristic  curve  of 
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=X.  (q^o  y)  -  D^(qj  °y)  X.(y^or) 

i  =  X.(q.oy)  q4-  {Y  $  +  (q  oy)  Z#}  X  (y^o  y). 

1  J  J  J  ^ 

However,  ^oyr:  0  implies  that  Y.$X.(y^oy)  +  Z$X.(zoy)+  Q^$X.(q.‘>y)  =0  and  therefore, 

J  1  t  1  J 

that  D  |.(t)  =  -(Zf>)^.(t).  It  follows  that: 
t  1  1  (- 


t-(t)  =  iXO)  exp  {  -  r  (Z$)or  (u)  du}  =  0. 

d  ^ 


The  fact  that  w  ^  v(r  D  )=0  is  an  immediate  consequence  of  Proposition  4.  Thus,  our 

7<t,p)'  p  t 

result  has  been  established. 

C.  Change  of  Variable 

We  shall  show,  in  this  section,  that  it  suffices  to  consider  equations  (or  systems) 
which  are  independent  of  z.  More  precisely,  we  shall  show  that  if{$.}  is  a  set  of 
smooth  functions  on  F(M)  and  the  equations  $=0  define  the  variety  V,  then  the  assumption 
Z$^=0  for  all  i  causes  no  loss  of  generality.  Our  procedure  corresponds  to  the  classical 
change  of  variable  procedure  and  will  serve  to  simplify  the  sequel. 

Proposition  5;  If  4'=0  is  an  equation  on  F(M)  for  which  25#=0,  then  there  is  an  equation 

5 

$  j=0  on  D(M)  such  that  a  smooth  function  f  on  M  is  a  solution  of  #=0  if  and  only  if  f  is 
a  solution  of  #^=0. 

Proof:  We  observe  that,  in  view  of  the  relation  ^=0,  there  exists  a  C  function 
2n. 

on  R  such  that  $=$*o(q,  y)  may  be  viewed  as  a  smooth  function  on  E)(M)  and  we 


consider  the  equation  $  ^=0  on  D(M). 

Suppose  that  f  is  a  solution  of  4>=0.  Then; 

0  =  $(<p^(p))  (for  p  in  the  domain  of  f) 

=  *(f(p).  (DjfXp), . .  •  >  (D^fXpX  x^(p), . . . ,  x'\p)) 
=  $*((D/XpX  . .  • ,  D^fXp).  x\p), . . . ,  x''(p)) 

=  **('»f(p)) 


?  The  dual  bundle  over  M. 
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where  is  the  section  of  D(M)  given  by  'l'j(p)=((DjfXP)>  •  •  •  >  (D^fXP)»  x  (p), . . .  x  (p)). 

We  further  note  that  if  is  the  projection  of  F(M)  on  D(M),  then  $j®7r^=$.  It 
follows  immediately  that  a  solution  of  $^^=0  is  again  a  solution  of  $=0. 

We  shall  now  show  how  to  take  an  equation  $=0  on  F(M),  which  may  depend  on 
z,  and  "extend"  it  to  an  equation  (or  system  of  equations)  on  the  dual  bundle  P(M.j)  of 
some  C  -manifold  (having  M  as  a  submanifold)  preserving  solutions  in  the  process. 
We  let  Mj=MxR.  Then  we  assert  that  there  i'S  a  pair  of  equations  on  F(Mj^),  both  in¬ 
dependent  of  the  R -coordinate  on  F(Mj),  such  that  each  solution  of  $=0  defines  a 
solution  of  this  pair  of  equations  and  conversely.  Assuming  that  we  have  demonstrated 
the  validity  of  this  assertion,  it  follows,  by  virtue  of  Proposition  5,  that  it  is  sufficient 
to  consider  equations  in  D(M). 

First  of  all,  we  note  that  D(Mj)  can  be  identified,  in  a  natural  way,  with  F(M><R. 

If  <p,  t>  eM  ,  then  the  fiber  of  F(M)xR  over  <p,  t>  is  F^(M)  x{t}  which  can  be  naturally 
1  P 

identified  with  D(M)p©  Rx  {t} .  We  set  ♦  <p,  t >((  w^,  s))=(  w^,  s,  t)  where  ( Wp,  s)  is  an 
element  of  EKM^^)  <p,  t  >,  and  we  let  be  the  union  of  the  maps  ^  <p,  t  >.  Then  it  is 
clear  that  ♦  is  a  one-one  map  of  IXM^)  onto  F(M)  xR.  Furthermore,  ♦  is  an  invariant 
map  and  both  ♦  and  its  inverse  preserve  smooth  functions.  It  follows  that  D(M^)  may  be 
identified  with  F(M)xR  and  hence,  that  F(M^)  and  F(M)xRxR  may  also  be  identified.  , 

It  is  clear  that  the  map  6  of  F(M)xR  into  F(M><R  is  given  by  6  (Wp,  s,  t)=(Wp,  s,  t) 
is  a  bundle  isomorphism.  We  set  fi=6  and  we  note  that  p  is  also  a  bundle  isomorphism. 
If  A  is  a  manifold  and  if  B  is  a  bundle  over  A,  then  we  denote  the  projection  of  B  on  A 
by  7r(B,  A).  We  observe  that  the  following  diagram  is  commutative. 
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Suppose  that  f  is  a  smooth  function  on  M,  then  the  mapping  cr^  of  M  into 
given  by  a^(p)  =  (p,  f(p)),  p  cM,  is  a  section  of  ^ver  M  which  maps  M  onto  a  sub- 

P 

manifold  of  M^.  We  observe  that  forr  (M^^,  M)  ,  when  restricted  to  a^(M),  is  a  smooth 

function  which  can  be  extended  to  a  smooth  function  on  We  denote  this  function  by 

focr^  On  the  other  hand,  suppose  that  g  is  a  smoothiunc '''^n.onM^iwhichjiSJindependentof 

the  R -coordinate  on  then  the  mapping  of  M  into  given  by  'tg(p)  =  (p»  g(P;  0)), 

p  cM,  is  a  section  of  over  M  which  maps  M  onto  a  submanifold  of  M^.  We  observe 

that  g  o  T  is  a  smooth  function  on  M. 
g 

Theorem  2:  Let  $  be  a  smooth  function  on  F(M)  and  let  =  4>  o  tt  (F(M)  x  R,  F(M))  o 

fia7r(F(M^),  D(M^)).  If  the  equation  $=0  has  f  as  a  solution,  then  f  o  o-^  ^  is  a  solution 

OP 

of  the  equations  4>  =0  and  q  =0  on  F(M,).  Conversely,  if  g  is  a  solution  of  the 
1  n+l  1 

equations  $  =0  and  q  =0,  then  go  t  is  a  solution  of  the  equation  #=0.  Furthermore, 

1  n+l  g 

the  mapping  f  -►  f  «  ^  is  a  one-one  mapping  of  the  set  of  solutions  of  the  equation 

$=0  onto  the  set  of  solutions  of  the  system  of  equations  {4>  ^=0, 

Proof:  We  observe  that  f  o  ^  is  independent  of  the  R -coordinate  on  and  hence, 

-1  -1 

that  ^  ^  solution  of  note  that  ^  -l(p,  t)= 

cp  - 1  (p,  f(p)),  p  e  M,  and  so  we  have: 

f  o 

^1  ( «pf  o  ^  - 1  (P’  f(p)))  =  $2(f(pX  (D^fXpX  . . . ,  (D^fXp),  0,  x\p), . . . ,  x^p),  f(p)) 

=  ^  (f(pX  'D  jfXp), . . . ,  (D^fXP)  X^(p), . . . ,  x^(p)) 

=  $  (<iOj(p)) 


$  ,  -1 
*  =  f  o  cr. 


**  or,  equivalently,  in  view  of  Propositions  5,  of  the  equations  $  o7r(F(M)xR,  F(M))o^=0 

and  q  ,  =0onEXM,). 
n+l  1 
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The  first  point  has,  therefore,  been  established. 

On  the  other  hand,  if  g  is  a  solution  of  $  =0  and  q  ,  =0,  then  cp  (p)  = 

1  n+1  g  °  T 

1  n  ® 

(g(Pp  g(P.  0)).  (Djg)  (p,  g(p,  0)), . . . ,  (D^g)  (p,  g(p,  0)),  X  (p),  ...  X  (p))  and,  consequently, 
^  (P))  =  «'^(g(P.  g(P»  0)),  (D^g)  (p,  g(p,  0)), . . . ,  (D^g)  (p,  g(p,  0)),  0,  x\p), . . . , 


g 


11  $ 

X  (p),  g(p,  0))  =  $  ^('pg(p,  g(p,  0)))  =  0.  Thus,  we  have  established  the  second  point. 

Finally,  we  note  that  the  map  f  -•  f  o  ^  is  clearly  one -one  and  that 

g  O  T  Off  ^(p,  t)  =  g  ®  T  (p)  =  g<p,  g(p,  0))=  g(p,  t)  since  g  is  independent  of  the  R-co- 
g  g  o  T'g  g 

ordinate  on  M^.  This  completes  the  proof  of  the  theorem. 

D.  Poisson  Brackets 


We  shall  introduce,  in  this  section,  the  Poisson  bracket  operation.  Let  $ 

and  be  smooth  functions  on  F(M)  which  are  independent  of  the  R -coordinate  on  F(M) 

X  n 

and  let  U  be  a  coordinate  region  on  M  with  x  , . , . ,  x  as  coordinate  functions  on  U  and 

In  ”1 

with  z,  q^, . . . ,  q^,  y  , . . . ,  y  as  coordinate  functions  on  tt  (U). 

Definition  6:  The  Poisson  bracket  of  #  and  ♦  (in  symbols:  ($,  'jr))  on  tt  ^(U)  is  the 


function 

We  observe  that  the  intrinsic  differential  form  dca  (=  -  dq^^dy^  on  tt  ^(U)) 

oo 

on  F(M)  (or  D(M))  induces  a  non-singular  bilinear  form  on  D(M)^  9  D(M)^ .  It 

follows  that  dw  defines  an  isomorphism  v  between  D(M)  and  its  dual  D(M)  *.  We 

let  be  the  map  generated  by  the  We  then  note  that,  if  0  is  a  smooth  function 

on  F(M)  which  is  independent  of  the  R -coordinate  on  F(M),  then  d  0^  can  be  viewed 

as  an  element  of  EKM)  *  and  consequently,  u  ^  (d0  )  is  a  well-defined  element  of 

w  w  w 


g 

Noting  that  g  is  independent  of  the  R -coordinate  on  M^. 

99 

Where  D(M)^  is  the  tangent  space  to  D(M)  at  w. 
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D(M)  . 

w 

Proposition  6:  The  bracket  operation  is  intrinsic  and  well-defined.  In  fact, 

(#,4f)  =  dw(i^  ^(d$),  P"  ^(dijr)). 

Proofr  We  fix  in  D(M)  and  we  shall  omit  the  subscript  w^  in  the  rest  of  the  proof. 
First  of  all,  we  note  that  and  v((^)  =  -  dy^  since: 

doj  (Y.,  Yj^)  =  dy^Y.  dq.  (Yj^)  -  dy^  (Yj^)dq.  (Y^ 

=  (Y.y^)(Yj^qj)-(Yj^y^)(Yiqj) 

=  0 

do;  (Y.,  Q^)  =  dy^  (Y.)  dq.(Q^)  -  dy^  (Q^)  dq.  (Y.) 

=  (Y.y^)(Q\j)-(QV)(Y.q.) 

k 

=  6  . 

1 

dcu  (q\  Q^)  =  dyJ  (q')  dq.  (Q^)  -  dyJ  (Q^)  dq.  (q') 

=  (QV)(Q^^)-(Q\j)(Q'^) 

=  0 

dw  (q',  Yj^)  =  dy^  (Q^  dq.  (Yj^)  -  dy^  (Yj^)  dq.  (q') 

=  (QV)(Yj^qj)-(Yj^y^)(Q'qj) 


Now,  we  know  that  d  €>  =  $  dq^  +  Y^  dy^  and  ^  dq^  +  Y^  dy^.  It 

follows  thatt;  \d$)=Q^$  Y.-  Y^  *  Q^and  that  v  ^  (d#)  =  ♦  Y^  -  Y^  (J^.  Therefore, 


we  have: 
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du{v  (d$),  V  <dlr))  =  dw(Q^$Y.  -  Y.$q\  Q^^Y.  -  Y.^Q^) 

j  J 

=  Q^$Q-’^da;  (Y.,  Y.)  -  Y.  do;  (qV.) 

=  ^Y^'t  da;  (Y.,  Q^)  +  Y.$  Y^^  do;  (q\  Q^) 

=  Y.$Q^^6  N  Y.*Q^$6.^ 

J  J  J 


=  Y^4>Q'’4f  - 


Proposition  7:  If  are  smooth  functions  on  F(M)  which  are  all  indpendent 

of  the  R -coordinate  on  F(M),  then. 

a)  (^j+4>2.  4'g)  =  (4>j,  + 


d)  ($2*  ^3))  +  (^2’ ^^3'  <^3'  ° 


(the  Jacobi  identity). 

firoof:  The  properties  a),  b),  and  c)  are  an  immediate  consequence  of  the  definition 
of  the  bracket  operation. 


To  prove  d),  we  first  note  that  $^))  +  = 

+  (*r  (*2’ *3^>^*3' <*1' V> 


(^j»  4'.)))  containno  terms  involving  "multiple  derivatives"  (e.  g.^  of  the  form 

k 

Y  St  (.  )).  However,  expressions  of  the  form  ($.,  ($ $  ))  do  contain  "multiple 

J  1  J  X 

derivatives".  The  assertion  d)  follows  immediately. 


Page  15 


E.  Linear  Systems 

We  shall  analyze  linear  systems  primarily  as  an  aid  to  the  intuitive  under¬ 
standing  of  the  more  general  results  which  will  be  developed  in  the  next  section.  The 

X  n 

most  general  linear  system  is  defined  by  equations  of  the  form  $(z,  ,  q^,  y  , . . . ,  y  ) 

j/  1  tiv  ,  0/  1  n.  .  1  n.  ^ 

=g  (y  , . . . ,  y  )  q^  +  g  (y  , . .  •  >  y  )z  -  g(y  ,  •  •  • ,  y  )  =  0;  we  observe,  however,  tnat  we 

0  X  n 

may  suppose  that  ^  =  0  (i.  e. ,  that  g  (y  , . . . ,  y  )  =  0)  in  view  of  section  C. 

Q 

Definition  7r  A  linear  system  defined  by  a  set  of  equations  of  the  form. 

(*)  q^, . . . ,  q^,  y  , . . . ,  y  )  =  gj^  (y  , . . . ,  y  )  Qj  =  0» 

is  called  a  homogeneous  linear  system. 

We  will  show,  in  an  appendix  to  this  section,  that  it  is  sufficient  to  consider 
homogeneous  linear  systems  and  as  a  consequence,  we  shall  consider  only  such 
systems  in  the  remainder  of  this  section. 

Definition  8:  A  homogeneous  linear  system  is  independent  if  cp  =  0  implies  that 

k  k  X  ti 

(p  =0  where  tne  cp  are  smooth  functions  on  F(M)  which  depend  only  on  y  , . . . ,  y  . 

We  remark  taat  the  set  of  homogeneous  linear  functions  on  F(M)  may  be 

viewed  as  a  vector  space  (module)  over  the  ring  of  smooth  functions  on  M  which  gives 

us  a  natural  notion  of  independence.  We  further  observe  that  any  homogeneous  linear 

function  on  F(M)  depends  upon  q^, . . . ,  q^  and  hence,  tne  module  of  homogeneous 

linear  functions  is  of  dimension  n.  If  is  a  set  of  homogeneous  linear  functions 

on  F(M),  then  we  denote  by,  sp  the  span  of  the  ^  ^  .  We  see  immediately 

that  any  solution  of  the  system  {  0}  is  also  a  solution  of  any  equation  =  0  with 

ijr  in  sp  It  follows  that  we  need  only  consider  homogeneous  linear  systems  (*) 

on  7r  (u)  where  u  is  a  coordinate  region  on  M. 
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in  which  the  are  independent.  Finally,  we  observe  that  the  Poisson  bracket  of 

two  homogeneous  linear  functions  is  again  a  homogeneous  linear  function. 

Definition  9:  A  homogeneous  linear  system(*)  is  complete  if  it  is  independent  and  if 

#.)  is  an  element  of  sp(#  )  for  all  i,  j. 

1  1  k 

Proposition  .8:  If  =  0  is  a  homogeneous  linear  system  which  is  complete  and  if  T 
is  a  nOn-singular  linear  transformation  which  leaves  sp($j^)  invariant,  then  =  0 

is  a  complete  homogeneous  linear  system. 

Proof:  Let  =  <p^  and  let  ([  jj  be  the  inverse  of  the  matrix  |[i  cp^  [j  .  Then 

we  haver 


=  (p^.  ^  ) + <pr  $  ($  >  (p'i) 

1  k  V  p,  1  fi  V  k 

+  )+#  $ 

k  r'  1  ^  V  n'^i  k 


However,  we  note  that  $  =  T  ($  )  and  that  $  =  T(#  ) .  It  follows  that  if 

H  y.  X  V  'v  '  x' 

($  ,  #  )  =  Q!*'  $  ,  then: 

V  H  vpt  t 

T(§.),  T($  ))=  (p^  (p^a^  )  +  ) 

1  k  ^1  k  py  t  r  i  p  y  x 

+  T($  )  . 

k  1  n  P  X 

We  next  observe  that  ($  ,  <p^)  and  (cp^,  $  )  are  actually  smooth  functions  on  M  from 

V  k  i  fi 

which  the  proposition  follows. 

Proposition  9:  If  =  0  is  a  homogeneous  linear  system  which  is  complete  and  if 
y^  =  h^(v^, . . . ,  v^)  is  a  smooth  change  of  variable  with  non-vanishing  Jacobian,  then 
the  transformed  system  is  complete. 

Proof:  We  let  r.  be  the  coordinates  relative  to  the  v^  which  correspond  to  the  q^. 
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Then  we  see  that  q  =  (Y  v  )r  and  hence,  that  the  transformed  system  is  ; 

a  01  i 

Q?  i  O'  i 

(g,  Y  V  )r.  =  0.  It  follows  that  =  (g,  Y  v  )r.  and  therefore,  that  independence 
k  a  1  k  kai 

is  preserved.  Moreover,  ( ,  4>.  )  is  intrinsic.  Our  proposition  follows  immediately. 

iC  'V 

Definition  10 r  A  homogeneous  linear  system  (*)  is  involutory  if  it  is  independent 
and  if  t&j)  =  0  for  all  i,  j. 

If  $  is  a  homogeneous  linear  function  and  if  f  is  a  smooth  function  on  M,  then 
$ 

we  shall  denote  $  {cp  )  by  A  (f). 

Proposition  10:  If  #,  =  0  is  a  homogeneous  linear  system  and  if  A  (f)  =  0  for  all  k, 
then  A  ^  (A  ^(f))  -  A  \a  •’(f))  =  0. 

Proof:  Obvious. 

4'.  4>.  4^. 

We  remark  that  A  ^  (A  ^(f))  -  A  ^  (A  \f))  =  0  if  and  only  if  f  is  a  solution  of 
*  «>. 

the  equation  {A  ^(g^)  -  A  \g^)}  q  =  0,  i.  e. ,  of  the  equation  ($.,  $.)=0.  ”  It  follows 
1  J  ^  J 

that  the  variety  V  defined  by  the  system  (*)  may  be  replaced  by  the  variety  V*  defined 
by  the  system  =  0,  ($.,  $.)  =  0  for  all  i,  j.  We  next  observe  that  sp($  )  C  ,  .  , 

k  i  j  K  . 

Csp($,  ,  ($  ,  $  ))C  sp($  ,($,$),  ($.  ,(^.,4>.)),  ((§,$),  ($  ,  *  )))C...  and  hence, 

KIJ  KIJ  KlJ  IJ  rs 

since  the  space  of  homogeneous  linear  functions  has  finite  dimension  n,  this  chain  must 

terminate  in  at  most  n  steps. 

Definition  11:  The  completion  of  a  homogeneous  linear  system  (*)  is  "the"  homogeneous 


linear  system  which  corresponds  to  the  terminal  step  in  the  chain  sp($j^)  C 

C  sp($j^,($.,  #.))C..  . 

^  Since  ($.,$.)  =  Y  (g^ q  )  (g^q  )  -  Y  q  )  (g^ q  )  =  (Dg^)q 

1  J  V  1  g  J  T  V  J  T  1  fl  V  I  T 

-  (D^gJ  )  q^g^  6^  =  {A%f )  q^  -  A^'^gpq^  }  =  {A^^  (gf )  -  A\p}  q^. 
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We  note  that  the  completion  of  a  homogeneous  linear  system  (*)  is  complete 
and  furthermore,  a  smooth  function  f  on  M  is  a  solution  of  (*)  if  and  only  if  it  is  a 
solution  of  the  completion  of  (*).  We  may  therefore  suppose  that  the  homogeneous 
linear  systems, with  which  we  are  dealing,  are  complete. 

Propostion  11:  If  =  0  is  a  complete  homogeneous  linear  system,  if  |  g^  f  has 

rank  m  and  if  (say)  det  (j  g^  (I  0  for  r,  s  =  1, . . . ,  m,  then  there  is  a  linear  trans- 

s 

formation  T,  which  is  non-singular  and  which  leaves  sp($j^)  invariant,  such  that 

'  ” ^  ,  k=l, ...,  m,  j=m+l, ...,  n  and  b)  ♦,=  0  is  complete . 

*  « 

*i  i  k  i 

Furthermore,  =  0  is  involutory  if  and  only  if  A  (gj^  )  -  A  (g^  =  0* 

Proof:  Assertion  a)  of  the  first  part  of  the  proposition  is  a  well-known  result  of 
linear  algebra  and  assertion  b)  is  an  immediate  consequence  of  Proposition  8. 


to  insure  the 


i  j 

Since  (ir  ,  ♦.)  =  {A  (g  )  -  A  (g.  )}  q.,  it  follows  that  =  0  is  involutory 

X  1  X  1  J  X 

’^i  i  ’®'k  j  1 

if  and  only  if  {A  (g^  )  -  A  (g. )  }  =  0  (since  the  q.  are  independent), 
k  1  j 

Finally,  we  observe  that  the  completeness  of  the  system  =  0  is  sufficient 

'^i  j  '*'k  j  a 

le  identical  vanishing  of  A  (g^ )  -  A  (g.  )  since  (♦,  » 'J'.)  =  <0,  .  ^  = 

«  X  1  X  1  XX 

^ki  %  ^ki  ®  a  ^^®k  ^  ^  >}  ‘Ij  ^^e  q^  are  independent  (i.  e. , 

must  be  identically  zero). 

Definition  12:  A  homogeneous  linear  system  of  the  form  Sf,.  =  q,.  +  g,^  q^  =  0, 

K  K  k  j 

k=l, . . . ,  m,  j=m+l, . . . ,  n  which  is  complete  (a  fortiori  involutory)  is  called  canonica 
We  observe  that  the  substance  of  what  has  been  done  so  far  in  this  section  is 
the  reduction  of  the  problem  of  the  existence  of  solutions  of  a  general  linear  system 
to  the  problem  of  the  existence  of  solutions  of  a  canonical  linear  system.  Our  next 


theorem  pertains  to  the  reduced  problem. 
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X  Tl 

Let  U  be  a  coordinate  region  in  M  with  x  , . . . ,  x  as  coordinate  functions  and 

let  N  be  an  n-m  dimensional  submanifold  of  M  such  that  N  Til  U  is  given  by  the  equation 
k  k 

X  =  c  ,  k=lj . . .  j  m.  Let  h  be  a  smooth  function  on  M  whose  domain  contains  U  and 

suppose  that  h  =  h(x™^\  . . .  s  x*^)  on  N  0  U.  K  k=l, . . . ,  m  is  a  family  of  smooth 

-1 

(linear  homogeneous)  functions  on  F(M)  whose  domains  contain  tt  (U)  and  if  the 
system  =  0  is  canonical,  then  we  wish  to  find  conditions  which  insure  the  existence 
of  an  (exact)  section  cp  of  F(M)  over  some  U’  C  U  such  that  =  0  and  cp  =  (p^  on. 

N  n  U  (i.  e. ,  we  wish  to  solve  the  local  initial  value  problem  for  the  system  of 
equations  =  0). 

Theorem  3;  If  =  0  is  a  canonical  system,  then  there  is  an  open  U'  C  U  and  a 
smooth  function  f  on  M  such  that  f  is  a  solution  of  the  local  initial  value  problem  for 


the  system  =  0  on  U' . 

Proof:  We  let  I  denote  the  interval  [0, 1]  and  we  consider  the  mapping  a  of  Mxl  into 

M  given  by:  cr((y^(q),  x”^'*"'^(q),  v(q)))  =  (c^  +  v(q)v^ (q),  x™'*''^(q)).  Then  o  is  a  smooth 

k  1 

mapping.  We  shall  consider  the  equation  $  =  r  +  v  g^  q.  =  0  on  where  r  is  the 
coordinate  which  corresponds  to  dv  on  I,  with  the  initial  condition  H(v  ,  x*”^  ,  0)  = 


h(x 


m+1 


.,x  ). 


We  observe  that  the  conditions  of  Theorem  1  hold  for  the  equation  $=0  and 
that  the  solution  F  of  this  equation  is  defined  on  an  open  set  of  the  form  U"  xl  (since 

i  is  linear).  We  next  remark  that  the  restriction  f  of  F  to  Mx{l}  is  a  solution  of 

is  k  i 

the  system  q.  =  0-  To  see  this,  we  note  that:  VF  +  v  g^  X.  F  =  0  and 

k  ic  ic  j  k  j 

Vf  =  (Xj^f  )v^  imply  that  {X^f  +  gj|  XT}  (x^  -  c^)  =  0.  However,  the  functions  x^  -  c^ 


Note  that  $  and  F  do  not  depend  on  v. 
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are  independent  and  therefore,  we  have  Xj^f  +  =  0.  Finally,  on 

N  n  Ux  {l},  we  have  (p„  =  <p.  =  <p^  which  completes  the  proof  of  the  theorem. 

r  t  ll 

Appendix  to  Section  E 

Let  =  g^  (y^, . . . ,  y’^)q.  -  gj^.(y^> . . . ,  y*^)  =  0,  k  =  1,  . , . ,  m,  be  a  linear  system 
on  F(M)  and  let  U  be  a  coordinate  region  in  M  with  x  \  , .  . ,  as  coordinate  functions. 

If  N  is  an  n  -  m  dimensional  submanifold  of  M  such  that  N  D  U  is  given  by  the  equations 

k  k  1  ti 

X  =  c  ,  and  if  h  is  a  smooth  function  on  M  such  that  h  =h  (x  ,  .  .  . ,  x  )  on  Nfl  U,  then 


we  shall  show  that  there  is  a  linear  homogeneous  system  =  0  on  MxR  such  that 

solutions  of  the  local  initial  value  problem  for  the  system  =  0  will  determine 

solutions  of  the  system  =  0  which  "agree  with"  h  on  N  0  U. 

We  let  V  be  the  R-coordinate  on  MxR  and  we  let  r  be  the  coordinate  which 

corresponds  to  dv.  Then  the  system  \ ~  ^  linear  homogeneous  and 

the  function  v-h(x”^^\  . . . ,  x^)  is  smooth  on  N  f)  UxR.  If  g  is  a  solution  of  the  initial 

value  problem  for  the  system  'Ji'j,  =  0  with  (p  -  ^v^  ^  (since  D^g  =  1  on 

1  n 

the  initial  manifold)  and  consequently,  g(x  , . . . ,  x  ,  v)  =  0  determines  v  as  a  smooth 
function  f  of  x^,  . .  . ,  x*^.  It  follows  that  D.f  -  gj^  =  g^  (-D.g/D^g)  -  gj,  =  -(g^  D^g  + 
+g  D  g)/D  g  =  0  and  hence  that  f  is  a  solution  of  the  system  $  =  0.  Furthermore, 

K  V  V  IC 

on  Nil  U,  f  (x^,  . . . ,  x'^)  -  h(x”^^^, . . . ,  x^)  =  0  so  that  (p.  =  (p,.  On  the  other  hand,  if 

I  h 

f  is  a  solution  of  the  system  =  0  with  on  N  fl  U,  then  v  -  f  =  g  is  a  solution 

of  the  system  =0  with  (p  =(p  ,  on  nDuxR.  Thus,  we  have  shown  that  it  is 

k  g  vh 

sufficient  to  solve  the  local  initial  value  problem  for  linear  homogeneous  systems. 

F.  General  Systems 


We  shall  develop  the  theory  of  general  systems  of  first  order  partial  differential 
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equations  in  one  dependent  variable  in  an  analogous  manner  to  that  used  for  linear 

1  ri 

systems.  We  let  =  4>,  (z,  q,, . . . ,  q  ,y  , . . .  ,y  )  =  0,  k=l, .  . .  ,m,  (with  m  :<n)be 
k  K  1  n 

such  a  system  and  we  suppose,  in  view  of  the  results  of  Section  C,  that  Z  =  0  for 
all  k.  We  let  Vbe  the  variety  in  F(M)  which  is  ■determined  by  the  system 
Definition  13:  A  system  <i>  =  0  is  algebraically  independent  if  V  is  not  the  set  of 

Jv 

O 

common  zeros  of  any  proper  subset  of  }.  K  U  is  a  coordinate  region  on  M, 
if.  II  Y.$.  II  has  rank  m  on-rr  \,U)  and  if 'the  nonvanlshing  ifiinor  of  this  matrix 

j  K  ■  K  j  . 

is  the  same  througjiout  jt  ^(U),  then  the  systgm  :$:^=0  is  functionally  iiide pehdeht  on 

We  observe  that  we  may  assume  that  the  are  algebraically  independent. 
Furthermore,  if  the  are  functionally  independent  on  tt  ^(U),  then  they  must  also 
be  algebraically  independent  on  tt  \u). 

Definition  14 r  A  system  =  0  is  complete  if  it  is  functionally  independent  and  if 

($.,  $.)  is  algebraically  dependent  on  {$,  }.  A  system  =  0  is  involutory  if  it  is 
i  j  k  k 

functionally  independent  and  if  ($,  ,  €>.)=  0  for  all  i,  j. 

^  J 

We  note  that  not  every  system  can  be  completed,  i.  e. ,  the  notion  of  the 
completion  of  a  system  is  particular  to  linear  homogeneous  systems.  Furthermore, 
we  observe  that  if  ( cp^)  =  0  for  all  k,  then  $.)  (cp)  =  0.  It  follows  that  we  can 

k  f  1  J  f 

oo 

only  hope  to  find  solutions  for  systems  which  are  complete  (or  can  be  completed). 

Let  U  be  a  coordinate  region  in  M  with  x^, . . . ,  x^  as  coordinate  functions  and 

o 

More  precisely,  if  is  a  minimal  basis  of  the  ideal  of  V  in  the  ring  of  smooth 
functions  on  V. 

^  in  the  sense  that  the  chain  of  varieties  Vq  =  {q:^ic(q)  =  0}  D  V2  =  {q:$k(q)  =  0, 
(*i,  #j)  (q)  =  0  }D-  •  •  is  finite  and  does  not  terminate  with  the  empty  variety. 


I,,,  (: 

;  I 
■■  I 
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suppose  that  det  |1  II  ,  j,k=l, . . . ,  m  does  not  vanish  on  tt  \u).  Then  the  system 

1  H 

=  0  is  functionally  dependent  on  the  system  ‘  ’  ^n’  ^  >  •  •  •  >  7  )  =0 

and  we  shall  suppose  that  =  0  is,  in  fact,  algebraically  dependent  on  the  system 

Proposition  12:  The  system  of  equations  =  0  is  complete  if  and  only  if  it  is 
involutory. 

Proof:  It  is  clear  that  the  involutoriness  of  the  system  implies  the  completeness  of 
the  system. 

On  the  other  hand,  we  observe  that: 

(♦.,  ♦.)  =  (q ip.)  Q*"  (q.-^.)  (q.-^l^.) 

=  -  Y.ij).  +Y  ip.  (ftp,  +  Y.ip.^Y  ip.  (Zip, 
j  1  1/1  1  j  u  j  k 

T,/  i 

=  . y  > 

where  H  is  some  smooth  function.  However,  if  the  system  is  complete,  we  have 

k  k  k  k 

-  <P-.q,  ■  <P..  If,  >  where  the  (p..  are  smooth  functions  on  F(M),  and 
'  1  J  1]  k  ij  k  ij  k  '  ' 

consequently,  we  have  . . . ,  q^,  y^, . . . ,  y")  +  q^^.  But  the  q^  are 

functionally  independent.  It  follows  that  'i'j)sO. 

Definition  15:  A  general  system  of  the  form  ♦jj.  =  ^Sn+1'  •  •  •  >  'Iji’ 

k=l, . . . ,  m,  which  is  complete  (a  fortiori  involutory)  is  called  canonical. 

Let  U  be  a  coordinate  region  in  M  with  x\  . . . ,  as  coordinate  functions  and 


let  N  be  an  n  -  m  dimensional  submanifold  of  M  such  that  NflU  is  given  by  the  equations 
k  k 

X  =  c  ,  k=l, . . . ,  m.  Let  h  be  a  smooth  function  on  M  whose  domain  contains  U,and 
suppose  that  h  =h(x”''*'^, . . . ,  x^)  on  NflU.  If  f/j^,  k=l, . , . ,  m  is  a  family  of  smooth 
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i 

I 

functions  on  F(M)  whose  domains  contain  tt  (U),and  if  the  system  =  0  is  canonical,  j 

then  wp  wish  to  examine  the  question  of  the  existence  of  an  exact  section  ^  of  F(M) 
over  some  U’C  U  such  that  (?>  =  0  for  k=  1, . . . ,  m  and  (jO  =  on  N  Jll  U.  Our  next 
theorem  provides  an  answer  to  this  question. 

Theorem  4:  If  =  0  is  a  canonical  system,  then  there  is  an  open  U'C  U  and  a 
smooth  function  f  on  M  such  that  f  is  a  solution  of  the  local  initial  value  problem  for 
the  system  =  0  on  U’ . 

Proof:  The  proof  is  similar  to  that  of  Theorem  3.  We  let  I  denote  the  interval  [  0,  1] 
and  we  consider  the  mapping  a  of  Mx  I  into  M  given  by:  cr((v^(q),  x”'^^(q),  v(q)))  = 

(c  +  v(q)v  (q),  X  "^(q)).  Then  a  is  a  smooth  mapping.  We  shall  consider  the 
equation  <i>  =  r-v  =  0  on  Mxl,  where  r  is  the  coordinate  which  corresponds  to  dv 

K. 

,  .  ,  .  .  .  ,  k  m+j  ,  ,  m+1  n. 

on  I,  with  the  initial  condition  H(v  , x  ,  0)  =  h(x  , ,x  ), 

We  observe  that  the  conditions  of  Theorem  1  hold  for  the  equation  $  =  0  and 

that  the  solution  F  of  this  equation  is  defined  on  an  open  set  of  the  form  U'  x  [  0,  a). 

However,  we  note  that  $  is  independent  of  v  and  we  assert  that  the  restriction  of  F  to 

Mx{a'  },  a'<  a,  is  a  solution  of  the  system  ~  =  0.  To  see  this,  we  note 

that:  VF-v^'irj^((^p)  =0  and  Vf=  (Xj^F)v^  imply  that  {Xj^f-  (x^-c^)  =  0. 

k  k 

However,  the  functions  x  -c  are  independent  and  therefore,  we  have  3^f  -  = 

Finally,  on  N  D  U  x  {a'  },  we  have  <p  =(p.  =  (p  v/hich  completes  the  proof  of  the 

r  X  h 


theorem. 
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